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This eBook is desighed to assist engineering students in
studying how to construct solutions of polynomial equations.
This eBook is suitable for Engineering Mathematics 3 and
Electrical Engineering Mathematics courses.

All contents in this eBook will put students on the track as it
is in line with the latest syllabus specified by the
Polytechnic’s syllabus requirement, Ministry of Higher
Education.

This eBook consists of comprehensive notes with details
explanation.

Any positive feedback from lecturers and students that
would improve the content of this eBook are mostly welcome
and appreciated.

This eBook is one of the tiny efforts that we have made to
help students mastery this course with excellence.
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METHOD 1

FIXED POINT
ITERATION v
L HETHOD The fixed point iteration method uses the concept

of a fixed point in a repeated manner to compute
the solution of the given equation.
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An iterative numericl method ud to find the L NETHOD

roots of a real-valued function.



NOTES

Step in Fixed Point Iteration Method

Make x as a subject x = g(x)
Initial approximate value Xo
Use the given Xo , If Xo is not given, assume x =1

Checking for convergence
|g(x)| <O

Substitute Xo in x = g(x) to find x1
Substitute X; in x = g(x) to find x2

Find I Xn+1- Xn I

Repeat second and third step until
| Xn.1- Xnl =0.001 (depends on the required accuracy)




EXAMPLE 1

Find the root of the equation x® + 3x* —1 =10
by using Simple Fixed Point Iteration Method,

correct to 3 decimal places.

The first approximation is 0.5

IEQL 3x° — 1=0 CHECKING!
3x =1 _EI ¥ = (1 _311]1,-"2
5 1—x
i — 3 . 1
1/1-x3\ 2
. 9'(x) =5( = ) -x?)
¥ = 1 —x —=m Make x ac a cubject x = g(x)
- | ’ 1
4 3 _ _Iz(i _ IE)_E
Find | Xn.a Xn | A
1
n X, X1 Error , ~ —(05)*f1-(0.5)%) 2
g'(05) = — ( ;
0 x, = 0.5 x, = 0540 | 0.040 = 0.231
1 | x, = 0.540 ¥, = 0.330 | 0.010 g"(x)] = 0.231 < 1
2 | x, =0.530 x; = 0.533 | 0.003 M
3 | x, =0.533 x, = 0.532 | 0.001
4 |x,=0532 | x=0532 |0 CONVERGE \/
wxg = 0.532 SUGGESTED

CAN USE THE ITERATION

Repeat second and third step uﬁxtil
5 | Xn:1- Xn [< 0.001 (depends on the required accuracy)



EXAMPLE 1

CONTINUE...

Iterative function 2
x*+3x—-1=0

CHECKING!

2 —_
x(x+3)—1=0 "
xEEerag::L E' £ = (——) V2
x+3
1 ’h
X= 1773 x = ((x +3)"1)¥2
x=(x+3)"12
n Xn Xn+1 Error
1 -
0 | x,=0.5 x, = 0.335 | 0.035 g'(x) = —3 (x +3)7372
1 | x;, =0.535 x, = 0.532 | 0.003
\ 1 -3/2
2 [x,=0532 | x,=0532 [0 g'(0.5) = _E{{D'S}_I_ 3)

= —0.076
x; = 0.532
lg'(x)| = 0.076 <1

Iterative function 3
x*+3x2—1=0 CONVERGE ./

x¥=1-—3x°
&
x=+1—3x2 SUGGESTED
n Xn Tne1 Errar CAN USE THE ITERATION
0 Xnp= 0.3 x; = 0.630 0.13
1 | x; = 0.630 ¥ =—0.576 | 1.206
2 Xo = —0.576 x3 = 0,167 0.743
3 xz = 0,167 x4 =0971 0.804 CHECKING'
4 | x4 =0971 x5 =—1.223 | 2.194 y
5 | xs=—-1.223 xs = —1.516 | 0.293
5 | xs = —1.516 x7 = —1.806 | 0.20 x=(1-—3x)
7 | x;=—1.806 xg = —2.063 | 0.257 . ]
g | xg=-2.063 xg =—2.275 | 0.212 g'(x) ==(1-3x2) 3(—6x)
g | xo=—2.275 xyp = —2.440 | 0.165 3
10 | xpp=—2.440 | xyy = —-2.564 | 0.124 _z
11 | %y, = —2564 | x;0 = —2.655 | p.0o1 = -2x(1-3x%)?
12 | xy2 = —2.6535 x13 = —2.721 0.066 2
13 | xp3 =-2.721 | x4 =-2.768 | 0.047 g'(0.5) = —2¢0.5)(1 — 3(0.5)%) 3
14 X134 = —2.768 x5 = —2.801 0.033
15 | x5 = —2.801 | x5 = —2.825 | 0.024 = —-2.52
16 X1 = —2.825 X7 = —2.841 0.016 ;
17 | 17 =—-2.841 | x5=-2.853 | o012 lg'G)l = 2522
18 X1 = —2.853 X0 = —2.861 0.008
18 | xyg = —2.861 X2g = —2.867 0.006
20 X2g = —2.867 X2 = —2.871 0.004
21 X = —2.871 X2 = —2.874 0.003
22 | %22 = —2.874 | %23 = —2.876 | 0.002 x
23 | X2z = —2.876 X2y = —2.877 0.001 DIVERGE
24 | Xoy = -—2.877 X-c = —2.878 | 0.001
25 X9 = —2.878 Koy = —2.878 0

NOT SUGGESTED



EXAMPLE 2

Find the root of the equation f{x) = x* — 5x — 16

correct to 4 decimal places with an initial

approximation is 3.5 by using Simple Fixed Point

lteration Method.

Iterative function 1

x*—58x—16 =0

x* =5x+ 16
=

x = +/5x + 16
n Xn Xn+1 Error
0 Xp = 3.2 x; = 32237 | 0.2763
1 xy = 32237 x- = 3.1787 | 0.0450
2 X- = 3.1787 X¥q = 3.1713 | 0.0074
3 Xz = 3.1713 ¥: = 3.1700 | 0.0013
q Xq = 31700 Xxs = 3.1698 | 0.0002
g X5 = 3.1698 ¥ = 3.1698 | O

nxg = 3.1698

CHECKING!

x = (5x + 16)%/3

1 _2
g'(x) = 3 (5x + 16) 3(5)

5 _2
= 5(5:-: + 16) 3

C _2
g'(3.5) = E1{5(3.5) +16) 3

= 0.16

lg'(x)| = 0.16 <1

M
CONVERGE ./
< SUGGESTED

CAN USE THE ITERATION



EXAMPLE 2

CONTINUE...

Iterative function 2 CHECKING!

2 x? 16
x* —5x—16=10 :l:=5—5
5x = x° — 16

xr —16 3
_ ! —_— i
X=—c g'(x) = X
3
n X, Xpa1 Error g'(3.5) = E {15)3
0 | x,=35 x, =35.3730 | 1.875
= 7.35
1 | xy =35.3750 x, = 27.8574 | 22 4824
. lg'(x)| =7.35 =1

piP P T e

<DIVERGE A

NOT SUGGESTED

ALSO NOT APPROPRIATE ITERATION
BECAUSE THERE IS ONLY ONE

POINT CAN BE TRUE
(REFER GRAPH)

d




EXAMPLE S

Find the root of the equation
f(x) = x* — 5x — 3 correct to 3 decimal places

with an initial approximation is 2.4 by

using Simple Fixed Point lteration Method.

Iterative function 1

x*—=58x—3=0

x*=5x+3

x=+/5x+ 3
n Xn X+l Error
0 Xp= 24 x; = 2466 0.066
1 | x; = 2466 x» = 2484 | 0.018
2 | xo=2.484 X3 = 2.489 | 0.005
3 Xy = 2,489 X3 = 2.490 0.001
| Xq = 2.490 X5 = 2.491 0.001
5 | xs=2491 | xz=2491 |0

Soxg = 2,491

CHECKING!
x = (5x + 3)1/3
1 _2
g'() = (5 +3)3(5)

5 _2
= E{EI + 3] 3

G _2
g'(2.4) = 5{5{2‘4] +3) 3

=0.274
lg'(x)| = 0.274 < 1

pP T e
CONVERGE /

SUGGESTED
CAN USE THE ITERATION



Iterative function 2

x> —5x—3=0
x(x*—=5)—3=0

EXAMPLE 5

CONTINUE...

CHECKING!

2 —_
x(x=—5)=3 y=3(x2-5)"1
3 —2
X="37_¢ g'(x) = -3(x*-5) "(2x)
-3
n Xn Tn+1 Error = _EI{IE - 5:}
g'(2.4) = —6(2.4)((2.4)2-5) "
0 Xp= 2.4 X = 3.947 1.547
1 | x, = 2466 - = 2484 | o.o1m ==24.93
2 | x2= 2482 | 72 = —0.610 | 3.004 |g'(x)| = 24.93 > 1
3 Xz = 2,489 xy =—0.648 | 3.137
4 Xq4 = 2.490 x5 = —0.623 | 3.145
g xg = 2.491 T = —0.656 | 3.147 | 2 ’ — s
[+ X = —0.6536 | x- = —0.637 | 0.001
7 | x7 = —0.657

Iterative function 3

< DIVERGE 2%
NOT SUGGESTED

CHECKING!
x*—5x—3=0 x? 3
Sx =x"—3 =% "%
x*—3 ;
X =
: g'(x) = gx?
mn X, X4 Error .
¢ —_ 2
0 |x,=24 x, = 2165 | 0.235 g9'(24) = 5 (2.4)
1 x, = 2.163 x, = 1.430 0.735 — 3456
2 . = 1.430 Xy =—0.013 | 1.445
3 | %a=-0015 | % =-0600 | 0585 |g'(x)| = 3.456 > 1
Kl x4 = —0.600 xs = —0.643 0.043
5 x5 = —0.643 X = —0.653 0.010 M
6 x; = —0.653 x7 = —0.656 0.003
7 x7; = —0.636 xg = —0.656 0 DIVERGE x
~oxg = —0.636

10

NOT SUGGESTED



EXAMPLE 4

Find the first approximate root of the
equation 2x* — 2x—5 =0 up to 4 decimal places
by using Simple Fixed Point lteration Method.

Iterative function 1 CHECKING!
2x* —2x—5=0 Izﬁx:f*;,m
2x*=2x+5 :
2x + 5 1/2x+5)\ 3
x® = g'(x) =§( — ) (1)
I=3'31‘|‘5 _1(2:!::1-5)_%
N 2 3 2
2
n n n+1 Error 1/2(1)+5)\ 3
g =322
0 |x=1 ¥, = 1.5183 | 0.5183
1 | x, = 1.5183 | % = 1.5898 | 0.0715 = 0.1445
2 | xo= 15898 | x3 = 1.5991 | D003 |9'G)] = 0.1446 <1
3 | xzg = 15991 | x, = 1.6004 | 0.0013 M
4 | x,=16004 | x5 = 16006 | 0.0002
5 | xs = 1.6006 | x; = 1.6006 | D
CONVERGE +/
noxe, = L6006
SUGGESTED

11 CAN USE THE ITERATION



EXAMPLE 4

CONTINUE...

Iterative function 2

2x*—2x—5=10

2y = 2x° —§
2%° — 5§
X =
2
n Xn Xn+1 Error
1 | x =-2 x-=-—103 | &5
2

12

CHECKING!
; 5

X =X —E

g'(x) = 3x°

g'(1) = 3(1)°

=3

lg'(x)| =3>1
<DIVERGE A
NOT SUGGESTED

ALSO NOT APPROPRIATE ITERATION
BECAUSE THERE IS ONLY ONE POINT CAN BE

TRUE

(REFER GRAPH)




EXERCISE
V

QUE§T|ON 1 Find the root of the equation 2x° — 3 = iwith xg = 1.5
by using Fixed Point Iteration Method,

correct to 3 decimal places.




EXERCISE
[

QUE§TION 2 Find the root of the equation f(x) = x* — 5x+ 1 by

using Fixed Point lteration Method, correct to 3

decimal places. The first approximation is 1.




EXERCISE

QU E?T{ON 3
Find the root of the equation f(x) = x*> + 5x — 3
by using Fixed Point Iteration Method, correct to
3 decimal places. The first approximation is 1.

AN\§WER




NOTES

Step in Newton Raphson Method

X, Is not given

Find Xo (change in sign) », - * % %
M=% W

Differentiate f(x)

Substitute into table

Repeat second and third step until
| Xn.1- Xnl < 0.001 (depends on the required accuracy)

X, given

Differentiate f(x)

Substitute into table

Repeat second and third step until
| Xn.1- Xnl < 0.001 (depends on the required accuracy)

16



NOTES

The method requires you to differentiate the equation you’re trying
to find a root of, so before revising this topic you may want to look
back at differentiation to refresh your mind.

1. :—x[k] =0 ,kisconstant 2. %[u:“] = nax™? [Power Rule]
3. % F(x) £ g(x)] = f'(x) £ g'(x) 4. i[ﬂ{“ﬂ(ﬂ}"] = na{u(x)}" ' -u'(x) [Composite]

— 2?2 _8r L 11

@j f'(z) =2z — 8

17



EXAMPLE 1

Use Newton Raphson Method to find the root of the
equation f(x) = x¥ + 2x% — 1, starting with x, = 0.5.
Give your answer correct to 4 decimal places.

SOLUTION

flx)=x*+2x*—-1

Ffi(x) = 3x° + 4x
flxn)

Ant1 = Xy _frl::l-' :I
i

B T4+ 2x7 -1
In+l = An 3x2 + 4x
n Xn flx,.) Error
X = X, —
n+l n f.r{xn]
0 xg = 0.5 x, =0.6364 0.1364
1 x, = 0.6304 x. = 0.6183 0.0121
2 x. = 0.6183 X, = 0.6130 0.0003
3 x; = 0.ol80 x, = 0.6180 0.0000

18 x, = 0.6180



EXAMPLE 2

Solve the equation of x® — 6x + 4 = 0 using Newton
Raphson Method, state your answer to 4 decimal places
with an initial guess x5 = 1.

SOLUTION

flx)=x*—6x+4

fl{x)=3x" -6
f(x5)

xi':l-'l'l — x]"l: _frlzl_ :l
Tt

¥ —6x + 4

M

n Xn flx,) Error
En+1 = An — £'(x,)

0 X =1 x, = 0.6667 0.3333

1 x, = 0.6667 x, = 0.7302 0.0635

2 x, = 0.7302 xy = 0.7320 0.0018

3 xy = 0.7320 x, = 0.7320 0.0000

19 x, = 0.7320



EXAMPLE S

Determine a real root of f(x) = x* — 4 using Newton Raphson
Method, give your answer correct to 2 decimal places.

It the first approximate (x;) to the root
of the guestion is not given. You must

use False Position Method to find the
first approximate (x;).

‘11 J’i‘
yz — ¥y %2 ¥z

— 1 ‘1’51 }"1‘
0 V2 — ¥y %2 ¥z

. 1 ‘u —4
P73 (-4t -3
—TEG—{—*H]

Xg —

SOLUTION

f(x}zxz_‘l' n Xn . — it Error
ntl i f,r{xn}
flr(.fll:] = 2x 0 X, = 4 x, = 2.5 1.5
£x.) 1 x, =25 X, = 2.05 0.45
:rﬂ
Xpt1 = Xp — 2 X, = 2.05 xy = 2.00 0.05
fi(xn)
3 x, = 2.00 X, = 2.00 0.00
x°—4
Xpn41 = Xy —
" " 2x x, = 2.00

PP T e
20



EXAMPLE 4

Given the equation x* — 2x® — x + 1 = 0. Find the root of the equation by
using Newton Raphson Method where the root is between x = 0 and x = 1.
Give the answer correct to three decimal places.

If the first approximate (x;) to the root

of the gquestion is given between x4, and

Xo. YOU Must use

.'1'-1"‘.1'2
Xpg — o

to find the first approximate (xg).

Xg — =0.5
2
n Xn B flx,) Error
Xn+1 = Xn — f:{x ]
i
0 xg = 0.5 x, = 0.657 0.157
1 x, = 0.657 x, = 0.642 0.015
2 x. = 0.642 x, = 0.642 0.000
1, = (0.642

SOLUTION

flx)=x*—-2x—x+1

fiix)=4x —6x*—1
fxn)

T T )

xP—2xF—x+1
4x* —bx< —1

M
21

Xne1 = Ay —




EXERCISE

QUE§T’ION 1

Solve the equation of 5x= + 11x — 17 = 0 using Newton Raphson Method,
state your answer correct to 4 decimal places whenx; = 1.

AN%W‘ER




EXERCISE

QUE§T‘ON 2

Solve the equation of ¥ + 3x® — 2 = 0 using Newton Raphson Method,
state your answer to 3 decimal places with an initial guess x; = 1.

AN%W‘ER




EXERCISE

QUE?T{ON 3

Determine an approximate of the equation f(x) = x* —5x + 1

using Newton Raphson Method. Given xp = 1, and give your answer
correct to 3 decimal places.

AN%W‘ER




EXERCISE

QUE§T{ON 4

Use Mewton Raphson Method to determine an approximation

2

of the question f(x) = x~ — x — 1. Let x, = 2 and give your answer

correct to 4 decimal places.

AN%W‘ER




VS

Find the first approximate root of the equation
f(x)=—-x*>+1.8x+ 2.5
up to 4 decimal places
by using both methods.

f(x)=—x*+1.8x+ 2.5

20

n Xn s o fix) Error
fllx)=—2x+1.8 L= )
f(x) 0 g =25 x; = 3.3537 16463
Xn+1 = Xn — 3
f(x) 1 Xy = —2 X2 = 2.8013 0.8013
a 2 x» = 2.8013 xq = 2.7211 0.0802
—x~ + 1.8x + 2.5 — —
X, 4 =X, — 3 xz = 2.7211 Xs = 2.7193 0.0018
—2x + 1.8 4 Xy = 2.7193 x5 = 2.7193 0
15 = 2.7193
Iterative function 1 Iterative function 2
—x*4+18x+25=0 —x* 4+ 18x+25 =0
—x*—253 = —1.8x —x* = —1.8x— 25
_ —x"—125 ¥ =18x+ 25
T T 18 x =18x+ 2.5
x*+ 2.5
X =
1.8 n Tn Tn+1 Error
e . 2.5 x = (18x + 2.5)¥°
¥r=—+— 1 ¥an=25 Xy = 3.3912
1.8 11.3 4'(x) =%[1.E:r +25)(18) 0 0 1 1.6088
g'(x)=—x L 1 xX; = 3.3912 ¥ = 2.9333 0.4579
i“" = 0.9(18x + 2.5)7
g'(5) :ﬁﬁ} ) = 0.9(18(5) + 2 5]_% 2 X2 = 29333 x3 = 2.7893 0.1440
_se: i o 3 | x3=27893 | xs= 27424 | 0.0468
|g'(x)| =5.55 = 1 lg'(x)| = 0.265 < 1 4 Xg = 2.7424 xs = 2.7270 0.0154
5 xs = 2.7270 xs = 2.7219 | 0.0051
DIVERGE x CONVERGE \/ E xg = 2.7219 ¥y = 2.7202 | 0.0017
7 Xy = 2.7202 Xpg = 2.7196 0.0006
g Xg = 2.7196 Xg = 2.7194 0.0002
G Xg = 2.7194 Xyp = 27194 0
Xy1p = 2.7194




Practicing an instrument
requires the musician to
play a song multiple
times, improving on each
attempt and learning
from their mistakes. This
isa common example of
real-world iterative
processes, as it
represents how
repetition leads to
perfection.




! Repeaton |
| an ongoing
\ basis. |

&;__—-*‘/

cycle for
continuous
improvement

Kaizen requires identifying arcas
for improvement, creating solutions
and plans for a rollout=and then
eyvcling through the process again
for other issues or issues that
were inadequately

addressed.

If successful,

then choose

For example, when
companies plan to hire a
new link building agency

or a new vendor, they
often start with a small
test campaign. They will
then use the feedback
from this test market to
make changes to their
marketing strategy. This
process is repeated until
the productis launched
in all markets.
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Energy consumption (kW)

©

30+
25
20
15
10

5 .

U L 1 1 ] 1 1 1
02/01 02/07 02/14 02/21 02/28 03/07 03/14
Time (Date)

Energy consumption data are
influenced by the weather
conditions. The use of weather
unadjusted energy data in
analysis and forecasting could
give misleading and erroneous
results. In this paper a new
iterative econometric
technique is developed to
correct for abnormal weather
conditions in published energy
consumption data.




Professional chefs use
the iterative process by
working on a single
entree many times before

being satisfied. By
& additional 3 repeating the process of
- ottoingble & cooking a single meal
recipe i3
_ applications !

repeatedly, chefs use
iterative processes to
perfect their dishes'

flavor and appearance.

-
L ."
b Tr——

)
o -
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Refine Evaluate

A

Activity Do Again Do Again Next Activity

Refine Evaluate Refine Evaluate

Iterating allows you to make mistakes quickly and learn
from them in order to change or improve what you've
done.

31
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